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Abstract Over the past three decades, ballistic and impulsive trajectories between libration
point orbits (LPOs) in the Sun–Earth–Moon system have been investigated to a large extent.
It is known that coupling invariant manifolds of LPOs of two different circular restricted
three-body problems (i.e., the Sun–Earth and the Earth–Moon systems) can lead to signifi-
cant mass savings in specific transfers, such as from a low Earth orbit to the Moon’s vicinity.
Previous investigations on this issue mainly considered the use of impulsive maneuvers along
the trajectory. Here we investigate the dynamical effects of replacing impulsive V ’s with
low-thrust trajectory arcs to connect LPOs using invariant manifold dynamics. Our investi-
gation shows that the use of low-thrust propulsion in a particular phase of the transfer and the
adoption of a more realistic Sun–Earth–Moon four-body model can provide better and more
propellant-efficient solution. For this purpose, methods have been developed to compute the
invariant tori and their manifolds in this dynamical model.
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1 Introduction
Libration point orbits, a subset of unstable periodic orbits in the three-body problem, have
experienced a growing prominence in mission design over the last three decades. The launch
of the first spacecraft to an LPO in the Sun–Earth system, ISEE-3, dates back to the late 70’s.
Since then, the design of trajectories based on three-body dynamics has undergone a rapid
growth and has allowed to fly or plan a number of missions to the libration points of the
Sun–Earth and Earth–Moon systems based on the natural orbits of the three-body problem.
In the work of Koon et al. (2000); Gómez and Masdemont (2000); Gómez et al. (2004),
valuable and efficient techniques are developed which yield zero cost transfers between
LPOs of the same energy using invariant manifolds. Davis et al. (2011) constructs trans-
fers between unstable periodic orbits of differing energies connecting invariant manifolds
by means of impulsive maneuvers which are then optimized with the primer vector theory.
Among several possible ways to reach the L3 point of the Sun–Earth CR3BP, Tantardini
et al. (2010) studies trajectories that use the unstable invariant manifolds of periodic orbits
of the L1 or L2 point of the system implying an impulsive maneuver to enter a periodic
orbit of L3. In the same work, low-thrust trajectories departing from L1 or L2 to L3 are con-
structed in the Sun-spacecraft two-body model. The use of low-thrust propulsion in an n-body
model is investigated by Mingotti et al. (2011) to design Earth–Mars transfers with ballistic
escape and capture and lunar gravity assists. Topputo et al. (2004a,b) present an approach to
design low energy interplanetary transfers by coupling Sun-planet three-body problems and
bridging the gap between non intersecting manifolds by a Lambert’s or a low-thrust arc in
an intermediate two-body model. Based on the work of Belbruno and Miller (1993), Koon
et al. (2001) analyzed the low-energy transfers from a low Earth orbit to the L2 point of the
Earth–Moon system exploiting the connection between invariant manifolds of LPOs of the
Sun–Earth and Earth–Moon three-body problems (Fig. 1). The two systems are appropriately
coupled, i.e., linked to each other in inertial space through the relative orbits of the Earth,
the Moon and the Sun; then, the connection between a planar Lyapunov orbit around the
L2 point in the Sun–Earth CR3BP and a planar Lyapunov orbit around the Earth–Moon L2
point is obtained by means of an impulsive maneuver applied at an appropriately located
Poincaré section (Parker and Chua 1989). The interesting finding is that such maneuver is of
very small magnitude, i.e., of about 50 m s−1. This result gave great impulse to the research
on the low-energy transfers, also applied to other systems, such as Jupiter and its icy moons
(Koon et al. 2002; Gómez et al. 2004). The strategy of flying a spacecraft to the Moon via
this technique can reduce considerably (∼1 km s−1) the propellant budget relative to tradi-
tional techniques like the Hohmann transfer, although the time of flight is much longer (i.e.,
months vs. a few days) (Parker and Lo 2005). In a recent work by Fantino et al. (2010), low
energy transfers between libration point regions in the Sun–Earth and Earth–Moon systems
are analyzed systematically by searching for connections between any two libration points L1
and L2 in the Sun–Earth and Earth–Moon coupled CR3BPs. The coupling between the two
systems is parameterized by the relative orbital phase of the two rotating reference frames
in inertial space; the Jacobi constants JSE and JEM of the LPOs to be connected is varied
over a range which defines a family of Lyapunov orbits in each system; finally, the point of
application of the impulsive maneuver varies over a certain domain. Of all the trajectories
from the L1/L2 point in the Sun–Earth system to the L1/L2 point in the Earth–Moon system
that can be obtained in this way, those characterized by the lowest cost can be represented as
function of the Jacobi constants of the two LPOs (Fig. 2): the main finding is that whereas
it is possible to construct zero V transfers to the L2 point of the Earth–Moon system for a
large range of energy values, the connections to the Earth–Moon L1 point imply a minimum
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Fig. 1 Stable and unstable
invariant manifolds of libration
point orbits in the Sun–Earth and
Earth–Moon CR3BPs are
exploited to construct a low-cost
transfer from the Earth to an
Earth–Moon libration point
(Koon et al. 2001)
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Fig. 2 3D color maps of minimum V (m s−1) as a function of the Jacobi constants JSE and JEM of the
connecting Lyapunov orbits for impulsive transfers in the coupled CR3BP: the four types of libration point
orbit connections are shown in the four subplots (Fantino et al. 2010)
cost of at least 250 m s−1 at the Poincaré section, regardless of whether the departure orbit is
around L1 or L2 in the Sun–Earth system.
In this work, we present a technique that simultaneously exploits the natural dynamics of
the coupled CR3BP and the advantages of a low-thrust propelled phase in replacement of the
chemical impulse, in order to obtain propellant mass reductions, particularly with reference to
the connections to the Earth–Moon L1 point with respect to the traditional low-energy, impul-
sive solutions. The technique is then extended to the Sun–Earth–Moon bicircular four-body
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problem (B4BP), a more realistic and accurate dynamical framework for Earth-to-Moon tra-
jectory design. For this purpose, the dynamical objects that replace the periodic orbits and
their invariant manifolds in the four-body model are computed and the technique used for
their computation is illustrated.
We begin by describing the two dynamical models used throughout the paper, i.e., the
CR3BP and its coupled version, and the B4BP (Sect. 2). Then, Sect. 3 defines the dynamical
objects that are used in the following analysis, i.e., libration point orbits and their invariant
manifolds for the CR3BP, invariant tori, invariant curves and associated invariant manifolds
for the B4BP. The method we developed to design spacecraft transfers between Sun–Earth
and Earth–Moon libration point orbits is illustrated in Sect. 4, separately for the coupled
CR3BP and the B4BP, and the results of the method on a number of test cases are presented.
Discussion and conclusions follow in Sect. 5.
2 Dynamical models
2.1 The circular restricted three-body problem
In this work, the underlying dynamical model is the CR3BP (Szebehely 1967), in which a
massless particle moves in the gravity field of two massive bodies, the primaries, on circular
motions around each other. Here the CR3BP is considered as the first approximation to the
dynamics of a mass moving in a multi-body gravity field. The motion is represented in a
rotating frame with origin in the center of mass of the system and the two primaries at fixed
positions on the x-axis (the smaller in the negative x direction). Furthermore, a convenient
system of units makes the equations of motion of the third body dimensionless, hence gen-
eral: the distance between the two primaries and the sum of their masses are the distance and
mass units, respectively. As a result of the third Kepler’s law with the gravitational constant
set equal to one, the angular velocity of the rotating frame has also value one. Thus, only
one parameter is required to uniquely identify a specific CR3BP, the mass parameter μ,
i.e., the mass of the smaller primary in dimensionless units. In the present work, the study
is limited to the planar case in which the third body moves on the xy-plane of the rotating
frame. Two specific realizations of the CR3BP are considered: the Earth–Moon (EM) system
with μ = μEM = 1.215067 · 10−2, and the system made up of the Sun and the Earth–Moon
barycenter (called Sun-Barycenter system, SB) with μ = μSB = 3.040423 · 10−6.
In writing the equations of motion of the planar CR3BP in dimensionless, rotating coor-
dinates, we also include a term accounting for the low-thrust acceleration produced by the
electrical engine. Such contribution depends on the specific thruster performance and on the
instantaneous spacecraft mass m(t), changing with time t due to propellant consumption, as
stated by
m(t) = m0 −
(
T
Ispg0
)
t. (1)
m0 is the initial spacecraft mass, T is the thrust magnitude provided by the engine, Isp
its specific impulse (a measure of the exhaust velocity) and g0 is a conversion factor, the
gravitational acceleration at sea level (9.8 m s−2). Thus, the equations of motion of an elec-
trically powered, massless third body in dimensionless, rotating coordinates in the plane of
the primaries are the following:
x¨ − 2 y˙ = ∂
∂x
+ ax , (2)
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Fig. 3 The geometry of the
coupled CR3BP showing the
inertial reference frame
(O, X, Y ), the two rotating
frames (O, xSB, ySB) and
(B, xEM, yEM), and their initial
relative, α0, and absolute orbital
phases, αSB0 and αEM0. Also
indicated are the position of the
Sun S, the Earth E , the Moon M
and the Earth–Moon
barycenter B
y¨ + 2x˙ = ∂
∂y
+ ay, (3)
where ax and ay are the x and y components of the thruster acceleration following from the
instantaneous thrust-to-mass ratio, and  is the effective potential
 = (x, y) = −1
2
(
x2 + y2) − 1 − μ
r1
− μ
r2
− 1
2
(1 − μ)μ. (4)
r1 and r2 are the instantaneous distances of the third body from the larger and the smaller
primary, respectively:
r1 =
√
(x − μ)2 + y2, (5)
r2 =
√
(x − 1 + μ)2 + y2. (6)
The solutions we shall consider are sequences of ballistic and powered arcs, the former being
the solution of the system formed by Eqs. 2 and 3 with ax = ay = 0, the latter result-
ing from the full system of equations. During ballistic motion, the dynamics admit one first
integral, the Jacobi constant J , expression of the mechanical energy in the rotating frame:
J = J (x, y, x˙, y˙, μ) = 2 − (x˙2 + y˙2). (7)
2.2 The coupled three-body problem
The coupling between the Sun-Barycenter and the Earth–Moon CR3BPs is a kinematical link
between the two respective rotating frames. The transformation from one to the other passes
through an appropriately defined inertial reference frame (in Fig. 3 its origin coincides with
that of the SB rotating frame). Such transformation depends on the initial (t = 0) relative
orientation of the two rotating frames, defined as the angle α0, the difference between the
angles of each positive x-axis (i.e., xSB and xEM) with the positive x-axis (X ) of the iner-
tial reference frame. Such angles are the initial orbital phases (measured counterclockwise),
indicated with αSB0 and αEM0, respectively; hence, α0 is the relative initial orbital phase.
The transformation of the state vector of the third body from one rotating frame to the
other, can be repeated at any earlier or later time t¯ , once the absolute and relative orientation
of the two rotating frames are propagated from t = 0 to t¯ . In this way it is possible to look
for intersections between trajectories obeying the dynamics of the two systems.
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(a) (b)
Fig. 4 a Illustration of the Earth–Moon based B4BP. b Illustration of the Sun-Barycenter based B4BP
(S/C = spacecraft)
2.3 The bicircular four-body problem
When the spacecraft motion is governed by more than two bodies, like in the case of the
heteroclinic connections between periodic orbits in the Sun-Barycenter and Earth–Moon
systems, the coupled CR3BP represents a certain approximation to the overall trajectory, but
an accurate design must necessarily take into account the simultaneous presence of all the
bodies involved. The bicircular four-body problem (Wiesel 1984; Gómez et al. 2003; Andreu
1998) is a CR3BP with the addition of a perturbing body, the third primary. The B4BP is
a non-coherent four-body model since the motions of the three primaries, all assumed in
circular orbits, are not solutions of the general three-body problem. Furthermore, the Jacobi
constant, the equilibrium points and the corresponding periodic orbits of the CR3BP do not
exist in the B4BP since the associated Hamiltonian system is non-autonomous.
The B4BP of the Sun–Earth–Moon four-body model can be represented in two ways,
depending on the choice of the bodies that form the reference CR3BP. They are completely
equivalent, being two different reference frame representations of the same model. The choice
in favor of one or the other has to be made on the basis of the simplification brought to the
specific case.
2.3.1 Earth–Moon based B4BP
The Earth–Moon line is fixed and the Sun orbits the center of mass of the two bodies as
shown in Fig. 4a.
The equations of motion with thrust are the following:
x¨ − 2 y˙ = ∂4
∂x
+ ax , (8)
y¨ + 2x˙ = ∂4
∂y
+ ay . (9)
4 is a modified, time-dependent effective potential which includes the additional gravita-
tional perturbation of the Sun (subscript S):
4 = 4(x, y, t) = 12 (x
2 + y2) + 1 − μEM
r1
+ μEM
r2
+ 1
2
(1 − μEM)μEM
+μS
r3
− μS
ρ2S
(x cos θS + y sin θS). (10)
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μS = 3.289006 · 105 is the Sun’s mass in Earth–Moon a dimensional units, ρS = 3.888111 ·
102 is the Sun’s distance from the center of mass of the Earth–Moon system, θS is its orbital
phase with respect to the Earth–Moon rotating frame (and in particular θS0 its value at t = 0),
θS = θS0 + ωSt, (11)
ωS = 0.925196 rad atu−1 is the Sun’s angular velocity in the rotating frame, atu stands for
adimensional time unit, i.e., the unit of time in the barycentric synodical reference frame (2π
atu correspond to one period of the primaries); r3 is the distance of the fourth body from the
Sun,
r3 =
√
(x − xS)2 + (y − yS)2, (12)
and xS and yS are the instantanous coordinates of the Sun
xS = ρS cos θS (13)
yS = ρS sin θS . (14)
2.3.2 Sun-barycenter based B4BP
The line joining the Sun and the Earth–Moon barycenter is fixed, whereas the Moon and
the Earth revolve around the Earth–Moon barycenter following circular orbits, as shown in
Fig. 4b.
The dynamical equations can be written as
x¨ − 2 y˙ = ∂¯4
∂x
+ ax (15)
y¨ + 2x˙ = ∂¯4
∂y
+ ay, (16)
with
¯4 = ¯4(x, y, t)= 12 (x
2 + y2)+ 1 − μSB
r1
+ 1
2
(1 −μSB)μSB + μEM
rM
+ μSB(1 − μEM)
rE
(17)
and
rE =
√
(x − xE )2 + (y − yE )2 (18)
rM =
√
(x − xM )2 + (y − yM )2 (19)
the distances of the fourth body from the Earth and the Moon, respectively. The coordinates
of the positions of these two bodies are
xE = −1 + μSB + μEM D cos θEM (20)
yE = −μEM D sin θEM (21)
xM = −1 + μSB − D(1 − μEM) cos θEM (22)
yM = D(1 − μEM) sin θEM (23)
in which
θEM = θEM0 + ωEMt. (24)
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μEM = 1.215067 · 10−2 is the mass ratio of the Earth–Moon system and D = 0.002570
is the Earth–Moon distance in Sun-Barycenter units, ωEM = 13.305345 rad atu−1 is the
angular velocity of the Moon-Earth line relative to the Barycenter-Sun line (the x-axis of the
SB reference frame) and θEM is the phase of the Moon-Earth line, θEM0 being its value at
t = 0.
3 Libration point orbits, invariant manifolds and invariant tori
3.1 Libration point orbits and their invariant manifolds in the CR3BP
The CR3BP yields five equilibrium points, i.e., positions in which the third body stays indef-
initely at rest: three of these libration points are collinear with the two primaries, the other
two form equilateral triangles with each (Szebehely 1967). The three collinear equilibria are
unstable points, allowing a periodic and a saddle behavior. The periodic component accounts
for the existence of periodic motions around these points, in particular the planar Lyapunov
orbits (Barden and Howell 1998). The saddle component gives rise to motion toward and from
these periodic solutions, respectively the stable and unstable invariant manifolds: stable man-
ifold trajectories asymptotically tend to the corresponding periodic orbit over negative times,
therefore the flow of the trajectories away from the periodic orbit is obtained by integrating
backwards in time; conversely for the unstable manifolds (Parker and Chua 1989) (Fig. 5).
In this contribution, we deal with four families of planar Lyapunov orbits, respectively
around L1 and L2 in the SB and EM CR3BPs (Fig. 6). The range of Jacobi constant values
that the families span are [3.000577, 3.000901] for SB L1, [3.000582, 3.000897] for SB L2,
[3.100732, 3.200311] for EM L1 and [3.121354, 3.184149] for EM L2, respectively.
Such manifolds can be numerically computed by globalizing the dynamics approximated
in the neighborhood of a libration point. The local approximation of the dynamics is obtained
by means of the monodromy matrix (M) (Perko 2001). This matrix represents a local line-
arization of the mapping evaluated by means of the fundamental solution matrix computed
after a period of a periodic orbit. For a generic system of differential equations, the time evo-
lution of the fundamental solution matrix can be computed propagating also the variational
equations given by the derivatives of the equations of motion with respect to the state vector,
X. Thus, also the 36 (for the planar case) additional equations given by:
Fig. 5 Stable and unstable
manifolds of an Earth–Moon L2
LPO (the black curve is a transit
orbit of the stable manifold)
(Parker and Chua 1989)
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Fig. 6 Families of planar Lyapunov orbits around L1 and L2 in the SB (top) and EM (bottom) CR3BPs
M˙ = ∂ f
∂X
M. (25)
Equation 25 is numerically integrated forward together with the equations of motion,
the initial conditions for M being simply given by the identity matrix. Such a matrix solves
an initial value problem associated with specific initial conditions that are, for the mani-
fold computations, discrete points along the LPO. As the eigenvalues of the monodromy
matrix govern the stability of the periodic orbit, propagating a small perturbation δ along the
stable/unstable eigenvector results in the numerical computation of the relevant manifold.
This means that each trajectory composing a specific stable/unstable manifold is given by
integrating backward (stable) or forward (unstable) in time. The manifolds of an L2 LPOs
in the Earth–Moon system are shown in Fig. 5.
xstable0 = x0 ± δxstable (26)
xunstable0 = x0 ± δxunstable. (27)
3.2 B4BP: invariant tori and their manifolds
Since the B4BP is a non-autonomous Hamiltonian system, the Jacobi constant is no longer
an integral of the motion, and the equilibrium points and their periodic orbits are replaced
respectively by periodic orbits and invariant tori (Gómez et al. 2003; Andreu 1998). This
follows from the introduction of an additional frequency in the constituents of the motion,
accounting for the relative orbit of the third primary. Here below we provide details on the
method used to compute such dynamical substitutes.
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3.2.1 Continuation from libration points to periodic orbits
In order to compute the periodic orbits that replace the libration points of the CR3BP we
adopted the Earth–Moon based B4BP and the Sun-Barycenter B4BP as baseline, respectively
for the EM and the SB libration points. Then we performed a continuation on a parameter
ε representing a fraction of the solar mass in Earth–Moon units for the EM libration points
and a fraction of the Earth–Moon distance for the SB libration points. As ε is varied from 0
(CR3BP) to 1 (B4BP) at a certain step, the given libration point evolves into a set of periodic
orbits which culminates (when ε = 1) in the dynamical substitute of that libration point in
the Sun–Earth–Moon four-body model.
For a given value of ε (e.g., 0.05), the periodic orbit is determined by a parallel shooting
method. Assume that the orbit is divided into n segments and the state at each node between
segments is denoted x1, x2, . . . , xn . If x ′i is the state obtained by numerical integration from
xi−1, then a constraint is set as x ′i − xi = 0, i = 1, 2, . . . , n. The constraints are satisfied by
differential correction as shown below:
⎡
⎢⎢⎢⎣
(x ′1 − x1)
(x ′2 − x2)
...
(x ′n − xn)
⎤
⎥⎥⎥⎦ =
⎡
⎢⎢⎢⎣
−I 0 0 · · · φn1
φ12 −I 0 · · · 0
...
. . .
. . .
...
0 0 · · · φn−1,n −I
⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎣
x1
x2
...
xn
⎤
⎥⎥⎥⎦ (28)
where φi, j is the state transition matrix from node i to node j and I is the 6 × 6 identity
matrix. At convergence, a new set of x1, x2, . . . , xn is obtained. Then, ε is increased by one
discrete increment and the current set of xi is used as the initial guess of the new iteration of
the differential correction. The procedure is repeated until ε equals 1.
For the SB L1 and L2 libration points the continuation procedure behaves smoothly; in
other words, splitting the Earth–Moon barycenter into two distinct bodies of increasing dis-
tance does not introduce significant changes in the overall dynamics of the fourth body. The
periodic orbits corresponding to SB L1 and L2 in the CR3BP are shown in Fig. 7. Comparing
with the libration points in the CR3BP, the periodic orbits in the B4BP are a little bit far from
the corresponding equilibrium (by some 305 km). And the orbits are very small, about 24 km
in the y direction.
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Fig. 7 B4BP-periodic orbits corresponding to the libration points of the SB CR3BP, respectively for L2 a
and L1 b
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Fig. 8 B4BP-periodic orbits corresponding to the libration points of the EM CR3BP, respectively for L2 a
and L1 b
Fig. 9 Continuation curves from the EM CR3BP L2 point to the associated periodic orbit in the Earth–Moon
based B4BP a and from the Lyapunov orbits around the L2 point in the EM CR3BP to the corresponding
invariant tori in the Earth–Moon based B4BP b
The continuation procedure works well also when applied to the EM L1 point. The orbit is
shown in Fig. 8b. The size is 4132.8 km in y and the shape is almost circular, much bigger than
the periodic orbits obtained from SB L1 and L2. For EM L2, the outcome of the continuation
is strongly affected by the occurrence of a resonance between some periodic orbits in the
continued family and the orbit of the Sun in the Earth–Moon based B4BP. The situation is
explained in Fig. 9a which shows the minimum x coordinate xmin of the continued orbit (on
the x-axis of the plot) as a function of ε (y-axis): the process begins at point A (ε = 0) and
continues smoothly to B, then the value of xmin jumps to C and terminates at D (ε = 1). Point
D is the result aimed for, i.e., the periodic orbit shown in Fig. 8a. This periodic orbit is very
big, with an extension of 95479 km in y. Note that, by changing the step size of the variation
of ε, the next point after B can be E and finally F. By reversing the continuation process (i.e.,
decreasing ε), the two curves can be completed, respectively by tracing the arcs CG and BG,
and EH. Note that the periodic orbit corresponding to point G has a period equal to half that
of the Sun and therefore it is 2:1 resonant with the perturbation. It is the occurrence of this
resonance that breaks the direct continuation from A to D.
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Fig. 10 Evolution of a planar
Lyapunov orbit into a torus as the
continuation parameter ε
increases from 0 to 1 and makes
the dynamical model change
from CR3BP to B4BP
CR3BP
ε=0
B4BP
ε=1
ε=0.5
3.2.2 Continuation from planar Lyapunov orbits to invariant tori
A similar continuation procedure can be applied to the planar Lyapunov orbits of the CR3BP.
The continuation parameter ε is defined as before. The difference with respect to the contin-
uation from libration point to periodic orbit concerns the parallel shooting. A set of nodes is
chosen over several hundreds periods on the Lyapunov orbit and their states are used as initial
guesses, denoted by x1, x2, . . . , xn . The constraint is x ′i − xi = 0, i = 2, 3, . . . , n, satisfied
by differential correction, where x ′i is the state obtained by numerical integration from xi−1.
Note that the first and the last node are free. The relationship between the parameters and the
constraints is
⎡
⎢⎢⎢⎣
(x ′2 − x2)
(x ′3 − x3)
...
(x ′n − xn)
⎤
⎥⎥⎥⎦ =
⎡
⎢⎣
φ12 −I 0 · · · 0
...
. . .
. . .
...
0 0 · · · φn−1,n −I
⎤
⎥⎦
⎡
⎢⎢⎢⎣
x1
x2
...
xn
⎤
⎥⎥⎥⎦ (29)
which constitutes an underdetermined system. Since it has infinitely many solutions,
we find the minimum-norm solution, that which minimizes ||X ||, where X is
[x1,x2, . . . , xn]T . The procedure is repeated until ε equals 1.
The evolution of the planar Lyapunov orbits as ε increases is shown in Fig. 10: the planar
Lyapunov orbits of the CR3BP become invariant tori in the B4BP. The continuation curve
gives the minimum x coordinate xmin on the torus as a function of ε. When the step size
of ε equals 0.05, the continuation procedure converges very fast. The curve is smooth for
the Lyapunov orbits around SB L1, SB L2, and EM L1, whereas more care is required for the
Lyapunov orbits around EM L2. In this case, ε has to be varied by very small increments (e.g.,
the step 0.0125) in order to avoid divergence of the multiple shooting procedure used to get
the invariant torus that satisfies the dynamical equations. Fig. 9b illustrates the continuation
applied to the Lyapunov orbits of the family: the yellow and pink curves result from the con-
tinuation from the smallest and the biggest Lyapunov orbit, respectively; the red and green
curves are the representatives of the continuation from the intermediate Lyapunov orbits, that
would densely populate the enclosed region of the plot.
The periods of the Lyapunov orbits and the period of the perturbation are listed in Table 1.
The periods of the Lyapunov orbits of EM L2 cover the interval between 3.3733 and 3.5454
atu. This range includes a value which is close to half the period of the Sun in the Earth–Moon
based B4BP, and the continuation near EM L2 is sensitive due to such resonance.
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Table 1 Range covered by the
periods of the Lyapunov orbits
and the period of the
corresponding perturbation
Period of the Lyapunov orbit Period of the perturbation
EM L1 2.6917–3.2050 atu 6.7912 atu
EM L2 3.3733–3.5454 atu
SB L1 3.0115–3.3327 atu 0.4722 atu
SB L2 3.0546–3.3542 atu
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Fig. 11 Invariant tori corresponding to an Earth–Moon L2 a and an Earth–Moon L1 b Lyapunov orbit. The
thick solid line in the right plot is the invariant curve corresponding to a certain value of the Sun’s orbital
phase. The dashed lines are the original planar Lyapunov orbits in the Earth–Moon CR3BP
Once the initial state on the torus has been approximated by continuation, a parallel shoot-
ing method (Jorba 2001; Kolemen et al. 2007) is applied for accurate propagation, i.e., to
satisfy the dynamical equations of the B4BP within a selected tolerance. Note that the invari-
ant tori obtained with the above procedure from the SB CR3BP are very close to the original
Lyapunov orbits. Such similarity is so strong that the initial states on the invariant manifolds
of the CR3BP can be used to propagate the invariant manifolds of the corresponding invariant
tori in the B4BP. The situation on the EM side is very different. The invariant tori correspond-
ing to the Lyapunov orbits near EM L1 and EM L2 are shown in Fig. 11. The black dashed
lines are the generating Lyapunov orbits. The invariant torus, especially that near EM L2,
is far from the Lyapunov orbit, the reason being that the perturbations induced by the Sun
are relevant and affect significantly the dynamics, particularly in the neighbourhood of the
above mentioned resonance.
3.2.3 Invariant curves and invariant manifolds
The solid curve on the right plot of Fig. 11 is called invariant curve (Jorba 2001): departing
from an arbitrary state on this curve, the fourth body returns to the curve after one perturber’s
period. Note that the invariant curve changes with the orbital phase of the perturber (the Sun
in this case). The invariant curve can be parameterized by using Fourier series,
x(θ) = a0 +
N∑
k=1
(ak cos kθ + bk sin kθ) (30)
where x(θ) is a state on the invariant curve, ak and bk are the Fourier coefficients (6 × 1
vectors) and θ is the angle shown in Fig. 11b.
123
14 Y. Ren et al.
Fig. 12 Sketch of the correction
procedure adopted to
approximate the state transition
matrix over the entire invariant
curve
The invariant manifold of a torus cannot be computed by propagation of an initial state, no
matter how accurate, the reason being that when two trajectory segments connect in the par-
allel shooting method, some error is always present. Then, by propagation the error quickly
amplifies beyond the tolerance, due to the existence of chaos in this model. In this work, we
adopted an approach which exploits the invariant curve to control the error propagation. The
strategy consists in introducing a parameter θ to describe the position on the invariant curve.
In the example of Fig. 11b,
θ = tan−1
(
y
x − xLi
)
, (31)
xLi being the x coordinate of L1 or L2 in the original CR3BP. By forward propagating an
initial state x0 on the invariant curve for a time Tp equal to the period of the perturbation,
a second state x′1 is obtained. x′1 should belong to the invariant curve, but due to the above
mentioned error, in general it does not. The x′1 can be corrected by using the angle θ1, which
is computed by Eq. 31, and the Fourier series (Eq. 30). x1 is the state after the correction.
Simultaneously, the state transition matrix 1 from x0 to x1 is obtained. The process is
repeated n times to provide a set of state transition matrices 1,2, . . . , n over the whole
invariant curve (see Fig. 12).
The product  = n · n−1 · · ·2 · 1 represents the transition of the state from x0 to
xn . From eigenvalues and eigenvectors of , the invariant manifolds are straightforwardly
determined. Note that the stable and unstable manifolds start on the invariant curve. Figure 13
shows the stable invariant manifold of an invariant torus for L1 of the Earth–Moon based
B4BP. Its shape is very similar to that of the manifolds of the planar Lyapunov orbits in the
CR3BP. Also the invariant tori in the Sun-Barycenter based B4BP do not deviate significantly
from the original planar Lyapunov orbits. Therefore, the invariant manifolds of the former
do not differ from those of the latter.
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Fig. 13 Invariant manifold of an
invariant torus around L1 in the
Earth–Moon based B4BP
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4 Earth–Moon connections
The tools described in the previous sections allow to compute the dynamical substitutes of
libration points, LPOs and relevant manifolds when migrating from the CR3BP to the B4BP.
We used such tools to design Earth–Moon connections by combining ballistic solutions and
low-thrust arcs. The strategy consists in replacing the impulsive V at the Poincaré section
with the application of a constant thrust to be provided, e.g., by an electrical thruster over a
finite time interval. This technique is applied both to the coupled CR3BP and the B4BP.
4.1 Low-thrust connections in the coupled CR3BP
The low-thrust connection is built in the SB synodical barycentric reference frame. By defini-
tion, all the states on the unstable invariant manifold of a planar Lyapunov orbit (blue curves
in Fig. 14a) have the same value JSB of the Jacobi constant. The stable invariant manifold
of the selected planar Lyapunov orbit around L1 or L2 in the Earth–Moon CR3BP is propa-
gated backward in time and all the intermediate states are transformed into the SB synodical
barycentric reference frame (black curves in Fig. 14a). The transformed states can be associ-
ated to the value of a function JEM→SB representing the Jacobi constant of the Earth–Moon
trajectories relative to the SB CR3BP. JEM→SB is not constant and its values are observed to
be larger than JSB (Fig. 15). With the aim at decreasing the values of JEM→SB to the value
JSB, at t = −tEM the thruster is activated and the trajectory of the spacecraft is solved in
the SB CR3BP with constant thrust (Eqs. 2 and 3) (red curves in Fig. 14a). The direction of
the thrust acceleration (which determines its components ax and ay) is chosen in such a way
as to decrease the Jacobi constant. With this aim, a local minimum in the derivative of J with
respect to time
d J
dt
= 2(x˙ x¨ + y˙ y¨) − 2 d
dt
(32)
is obtained when the thrust acceleration (which will appear in Eq. 32 on substituting x¨ and
y¨ with the expressions given by Eqs. 2 and 3) is oriented opposite the velocity vector of
the spacecraft, i.e., anti-tangential thrust. The thruster is left on until the target value JSB is
reached. On switching the thruster off, the spacecraft dynamics are governed by the gravity of
the Sun and the Earth–Moon barycenter (SB CR3BP). The trajectory coasts until it encounters
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Fig. 14 Illustration of the low-thrust aided transfer in the coupled PCR3BP between a planar Lyapunov orbit
of the L1 point in the SB model and a planar Lyapunov orbit of the L1 point in the EM model. a The trajectory
in the SB synodical barycentric reference frame: the SB unstable invariant manifold (blue), the EM stable
invariant manifold (black), the low-thrust arcs (red), the coast arcs (green); the Poincaré section is indicated
by the solid line orthogonal to the x-axis. b View of the Poincaré section in SBy y˙ coordinates: the blue solid
curve is the SB invariant manifold cut, the green segment is the cut of the coast arc
Fig. 15 History of the JEM→SB
function for the trajectories
belonging to the stable invariant
manifold of an LPO around
EM L1 with JEM = 3.146771
when transformed into the SB
reference frame. The target value
in this case is JSB = 3.000799
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a given, a-priori fixed, Poincaré section (green curves in Fig. 14a) where the insertion into
the SB unstable manifold is searched.
The Poincaré section is drawn in y y˙ coordinates of the SB CR3BP (as in Fig. 14b): the
coast arc may or may not encounter the Poincaré section, and the two curves may or may not
intersect, largely depending on the adopted value for tEM. However, if the two curves inter-
sect, each intersection point corresponds to a zero-cost connection (i.e., continuous both in
position and velocity) between one coast arc and one SE manifold trajectory at the Poincaré
section. As a matter of fact, at the intersection point the states on the two connecting trajec-
tories have the same x, y and y˙ components and the same value JSB of the Jacobi constant
function, which results also in the same x˙ component of the state vector.
Theoretically, the trajectory is continuous (in position and velocity) when it passes through
the Poincaré section. The Poincaré section can be moved, but the intersection point on each
Poincaré section corresponds to the same trajectory in configuration space. So the location
of the Poincaré section does not appear (although further analyses would be required to
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Fig. 16 Example of low-thrust
aided trajectories that do not
encounter the selected Poincaré
section
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definitely state this) so important as in the impulsive transfer in which moving the Poincaré
section may result in significantly different solutions. The main reason behind this is that
in the approach here implemented, the Jacobi constant value and not the Poincaré section
location is used to stop the thrusting phase. Accordingly, there is not any V to be applied
at the Poincaré section location, but the section is just used to identify the trajectory which
joins the SE L2 Lyapunov orbit naturally.
There is one fundamental constraint, though, that is to make sure that the EM trajectories
encounter the Poincaré section during the ballistic phase and not earlier, during the thrusting
phase, when the transformed Jacobi constant is decreasing and has not yet reached the target
value. In this sense, a Poincaré section placed too close to the beginning of the thrusting
phase does not represent a convenient choice and this might lead to unfeasible solutions even
in this first guess generation process.
Note also that the intersection is not guaranteed to occur: after the low-thrust phase, the
ballistic propagation may send the spacecraft towards the zero velocity curves and make
it bounce back, far from the desired direction (Fig. 16). Alternatively, the effect may be a
considerable increase in the time of flight.
The above outlined procedure is optimized to minimize propellant consumption. This is
done by varying the interval tEM, i.e., the start time of the propelled phase. Note that varying
tEM results in different trajectories and Poincaré cuts, with the additional possibility that
the intersection does not exist even if the coast arcs reach the section. Figure 17 shows the
Poincaré section for three transfers between two specified Lyapunov orbits around SB L1
and EM L1, obtained for three different choices of tEM: the curve drawn with red open
circles corresponds to tEM = 3.49 days, the green triangles refer to tEM = 17.48 days,
and the black crosses correspond to tEM = 31.46 days. The SB cut is indicated by the solid
blue curve. In all three cases, multiple intersections are available; in particular the case with
tEM = 31.46 days enables four connections.
We applied this technique to compute low-thrust solutions for five connections from SB L1
to EM L1. Table 2 reports the values of the Jacobi constants (JSB and JEM, respectively) of the
two planar Lyapunov orbits, the x-coordinate xP of the Poincaré section in the SB synodical
barycentric reference frame, the time of flight on each of the two segments (TEM and TSB,
respectively), the total time of flight (TOF) and the estimated magnitude (V ) of the impulsive
maneuver to be applied at the Poincaré section according to Fantino et al. (2010). An addi-
tional column provides an estimate of the final spacecraft mass m f as obtained by assuming
that the initial value is of 500 kg and the specific impulse of the chemical engine is of 300 s.
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Fig. 17 View of the Poincaré
section in SBy y˙ coordinates for
three different connections
between a planar Lyapunov orbit
of the L1 point in the SB CR3BP
(JSB = 3.000725) and a planar
Lyapunov orbit of the L1 point in
the EM CR3BP
(JEM = 3.100732). The different
colours correspond to different
choices of tEM: 3.49 days (red
◦), 17.48 days (green ) and
31.46 days (black +),
respectively. The SB manifold cut
is plotted with blue •. The initial
relative phase α0 between the EM
and the SB synodical barycentric
reference frames is of 185◦
−6 −4 −2 0 2 4 6 8
x 10−3
−0.01
−0.005
0
0.005
0.01
0.015
0.02
0.025
y (AU)
v y
 
(A
U/
TU
)
Table 2 Impulsive transfers in the coupled CR3BP: Jacobi constant values of the orbits to be connected (JSB
and JEM), x-coordinate of the Poincaré section (xP ), time of flight spent on each of the two segments that
compose the solution (EM manifold, TEM, SB manifold, TSB), total time of flight (TOF), magnitude of the
impulsive maneuver (V ) and final mass m f
JSB JEM xP TEM TSB T O F V m f
SB du days days days m s−1 kg
1 3.000799 3.146771 −0.99943 25 199 224 276 455.2
2 3.000577 3.131673 −0.99943 26 231 257 249 459.4
3 3.000610 3.200211 −0.99885 24 223 247 515 419.7
4 3.000809 3.111314 −0.99885 13 195 208 680 396.8
5 3.000829 3.197039 −0.99943 24 195 219 336 446.0
The low-thrust solutions for the same cases are presented in Table 3 where the total flight
time T O F (fifth column) is divided into three parts (columns 2–4), i.e., the travel time on
the EM manifold trajectory (tEM), the propelled phase (tSBp) and the overall ballistic
phase in the SB CR3BP (tSB). The final spacecraft mass m f is reported in the sixth column.
Note that the x-coordinate xP (expressed in SB distance units, du) of the Poincaré section is
the same for all the five solutions and equals −0.995 du. The assumed thrust acceleration is
5 · 10−4 m s−2 and the specific impulse is 3000 s.
4.2 Low-thrust connections in the B4BP
The above method to construct a transfer between Lyapunov orbits in the coupled CR3BPs
has been extended to the B4BP. The adaptation essentially concerns the use and the role of
the Jacobi constant function. Exploiting the similarity between the coupled CR3BPs model
and B4BP model, we can still use the Jacobi constant on the SB side of the trajectory as target
value, and then proceed with the technique exactly in the same way as under the coupled
approximation. From a dynamical point of view, a major difference in the solutions arises
whenever the trajectories in the coast segment pass close to the Moon: the gravitational
interaction can produce significant deviations from the trajectory computed under the SB
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Table 3 Low-thrust transfers in the coupled CR3BP: time of flight spent on each of the three segments that
compose the solution (EM manifold, tEM, SB propelled phase, tSBp , and SB ballistic, tSB including also
the invariant manifold portion), total time of flight (T O F), and final mass m f . The x-coordinate xP of the
Poincaré section in the SB rotating frame is the same for all the five cases, xP = −0.995SB du
Case tEM tSBp tSB TOF m f
days days days days kg
1 5 8 279 292 494.2
2 1 9 212 222 493.3
3 30 13 205 248 490.8
4 6 6 274 291 495.4
5 16 10 203 229 493.1
Fig. 18 Example of the effects
of the passages by the Moon in
the low-thrust connections
computed in the B4BP. In
particular, the dashed blue line
represents a trajectory
experiencing a close encounter
with the Moon which deviates it
from the target Poincaré section
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CR3BP approximation, and such deviations can even send the spacecraft far from the Poin-
caré section. Figure 18 illustrates a situation of this type. The coast segment can therefore
suffer from considerable alterations due to the close passages at the Moon and the shape of
the Poincaré cut can also be affected accordingly. Figure 19 shows the Poincaré section of
a low-thrust transfer computed in the B4BP between the dynamical substitute (torus) of a
planar Lyapunov orbit around the SB L1 point and that of a planar Lyapunov orbit around the
EM L1 point for tEM = 0.2988 atu: the effect of the lunar flybys shows in the open curves
that result from the cut with the coast arc.
The above five connections (see Tables 2 and 3) have been designed in the B4BP. The
results are shown in Table 4. Note that an additional impulsive maneuver at the Poincaré
section accounts for the evolution of the Jacobi constant function during the ballistic phase
until encounter with the SB portion. The results of the simulations show that such maneuver
is a small correction of less than 1 m s−1.
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Fig. 19 Intersection curves on
the Poincaré section in the B4BP:
the ‘+’ symbols correspond to
tEM = 0.2988 atu
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Table 4 Low-thrust transfers in the B4BP: time of flight spent on each of the three segments that compose the
solution (EM manifold, tEM, SB propelled phase, tSBp , and SB ballistic, tSB including also the invariant
manifold portion), total time of flight (TOF), final mass (m f ) and correction maneuver (V ) at the Poincaré
section. The x-coordinate xP of the Poincaré section in the SB rotating frame is the same for all the five cases,
xP = −0.995SB du
Case tEM tSBp tSB TOF m f V
days days days days kg m s−1
1 24 9 171 204 493.7 0.6
2 29 10 194 233 493.2 0.8
3 31 11 166 208 492.0 0.7
4 25 6 172 203 495.5 0.7
5 1 9 243 253 493.6 0.8
5 Discussion and conclusions
An important part of this work deals with the tools developed to perform the continuation
from the CR3BP to the B4BP concerning libration points, their periodic orbits and the asso-
ciated invariant manifolds. The role played by the third primary resonance has emerged
and its impact on the continuation process has been discussed. The tools developed have
been applied to the computation of Earth–to–Moon trajectories in the context of the coupled
CR3BP (SB+EM) and the associated bicircular model: in both cases the impulsive maneuver
required at a common Poincaré section has been replaced by a low-thrust trajectory arc. The
key idea of the method consists in exploiting the Jacobi constant in order to make the EM
portion of the trajectory approach the energy level of the SB portion and to achieve this by
adding a constant continuous acceleration in the appropriate direction. When compared with
the impulsive-type solutions, the proposed ones guarantee lower propellant consumption,
although there are no improvements in terms of time of flight. Actually, the low-thrust solu-
tions in the coupled CR3BP take even longer times than the impulsive ones). The application
shown deals with the SB L1 to EM L1 connection, a typical situation in which the impulsive
solution imposes a cost of at least 250 m s−1 (corresponding to a mass consumption between
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8 and 21%). The low-thrust strategy (both in the coupled and in the bicircular model), instead,
never exceeds a mass consumption of 1.8%.
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